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Abstract: In this paper we construct an explicit geometric model for the group of ger-
bes over an orbifoldX. We show how from its curvature we can obtain its characteristic
class in H 3(X) via Chern-Weil theory. For an arbitrary gerbe L, a twisting LKorb(X)
of the orbifoldK-theory ofX is constructed, and shown to generalize previous twisting
by Rosenberg [28], Witten [35], Atiyah-Segal [2] and Bowknegt et. al. [4] in the smooth
case and by Adem-Ruan [1] for discrete torsion on an orbifold.
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450 E. Lupercio, B. Uribe
6.2 The characteristic class of a gerbe . . . . . . . . . . . . . . . . . . . 472
6.3 Differential geometry of gerbes over orbifolds and the B-field. . . . . 473
7. Twisted LKgpd-Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 474
7.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 474
7.2 The twisted theory. . . . . . . . . . . . . . . . . . . . . . . . . . . . 476
7.3 Murray’s bundle gerbes . . . . . . . . . . . . . . . . . . . . . . . . . 483
8. Appendix: Stacks, Gerbes and Groupoids . . . . . . . . . . . . . . . . . . 485
8.1 Categories fibered by groupoids . . . . . . . . . . . . . . . . . . . . 485
8.2 Sheaves of categories . . . . . . . . . . . . . . . . . . . . . . . . . . 486
8.3 Gerbes as stacks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 487
8.4 Orbifolds as stacks . . . . . . . . . . . . . . . . . . . . . . . . . . . 488
8.5 Stacks as groupoids . . . . . . . . . . . . . . . . . . . . . . . . . . . 488
1. Introduction
An orbifold is a very natural generalization of a manifold. Locally it looks like the quo-
tient of an open set of a vector space divided by the action of a group, in such a way
that the stabilizer of the action at every point is a finite group. Many moduli spaces, for
example, appear with canonical orbifold structures.
Recently Chen and Ruan [8] motivated by their ideas in quantum cohomology and by
orbifold string theory models discovered a remarkable cohomology theory of orbifolds
that they have coined orbifold cohomology. Adem and Ruan [1] went on to define the
corresponding orbifold K-theory and to study the resulting Chern isomorphism. One of
the remarkable properties of the theory is that both theories can be twisted by what Ruan
has called an inner local system coming from a third group-cohomology class called
discrete torsion.
Independently of that, Witten [35], while studying K-theory as the natural recipient
of the charge of a D-brane in type IIA superstring theories was motivated to define a
twisting of K(M) for M smooth by a third cohomology class in H 3(M) coming from
a codimension 3-cycle in M and Poincaré duality. This twisting appeared previously in
the literature in different forms [11, 14, 28].
In this paper we show that if an orbifold is interpreted as a stack then we can define
a twisting of the naturalK-theory of the stack that generalizes both Witten’s and Adem-
Ruan’s twistings. We also show how we can interpret the theory of bundle gerbes over
a smooth manifold and theirK-theory [25, 26, 4] in terms of the theory developed here.
Since the approach to the theory of stacks that we will follow is not yet published
[3], we try very hard to work in very concrete terms and so our study includes a very
simple definition of a gerbe over a stack motivated by that of Chaterjee and Hitchin [15]
on a smooth manifold. This definition is easy to understand from the point of view of
differential geometry, and of algebraic geometry.
Using results of Segal [31, 33] on the topology of classifying spaces of categories and
of Crainic, Moerdijk and Pronk on sheaf cohomology over orbifolds [10, 23, 24, 20] we
show that the usual theory for the characteristic class of a gerbe over a smooth manifold
[5] extends to the orbifold case. Then we explain how Witten’s arguments relating the
charge of a D-brane generalize.
A lot of what we will show is valid for foliation groupoids and also for a category of
Artin stacks - roughly speaking spaces that are like orbifolds except that we allow the
stabilizers of the local actions to be Lie groups. In particular we will explain how the
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twisting proposed here can be used to realize the Freed-Hopkins-Teleman twisting used
in their topological interpretation of the Verlinde algebra [12].
2. A Review of Orbifolds
In this section we will review the classical construction of the category of orbifolds.
This category of orbifolds is essentially that introduced by Satake [30] under the name
of V-manifolds, but with a fundamental difference introduced by Chen and Ruan. They
have restricted the morphisms of the category from orbifold maps to good maps, in fact
Moerdijk and Pronk have found this category previously [23] where good maps go by
the name of strict maps. This is the correct class of morphisms from the point of view
of stack theory as we will see later.
2.1. Orbifolds, good maps and orbibundles. Following Ruan [29, 8] we will use the
following definition for an orbifold.
Definition 2.1.1. An n-dimensional uniformizing system for a connected topological
space U is a triple (V ,G, π) where
• V is a connected n-dimensional smooth manifold
• G is a finite group acting on V smoothly (C∞ automorphisms)
• π : V −→ U is a continuous map inducing a homeomorphism π̃ : V/G→ U.
Two uniformizing systems, (V1,G,1 π1) and (V2,G2, π2) are isomorphic if there
exists a pair of functions (φ, λ) such that:
• φ : V1 −→ V2 a diffeomorphism,
• λ : G1 −→ G2 an isomorphism
with φ being λ-equivariant and π2 ◦ φ = π1.
Let i : U ′ ↪→ U be a connected open subset of U and (V ′,G′, π ′) a uniformizing
system of U ′.
Definition 2.1.2. (V ′,G′, π ′) is induced from (V ,G, π) if there exist:
• a monomorphism λ : G′ → G inducing an isomorphism λ : ker G′ ∼=→ ker G, where
ker G′ and ker G are the subgroups of G′ and G respectively that act trivially on V ′
and V , and
• a λ-equivariant open embedding φ : V ′ → V
with i ◦ π ′ = π ◦ φ. We call (φ, λ) : (V ′,G′, π ′)→ (V ,G, π) an injection.




i )→ (V ,G, π), i = 1, 2, are isomorphic if there
exist:
• an isomorphism (ψ, τ) : (V ′1,G′1, π ′1)→ (V ′2,G′2, π ′2) and
• an automorphism (ψ̃, τ̃ ) : (V ,G, π)→ (V ,G, π)
such that (ψ̃, τ̃ ) ◦ (φ1, λ1) = (φ2, λ2) ◦ (ψ, τ)
Remark 2.1.3. Since for a given uniformizing system (V ,G, π) ofU , and any connected
open setU ′ ofU , (V ,G, π) induces a unique isomorphism class of uniformizing systems
of U ′ we can define the germ of a uniformizing system localized at a point.
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Let U be a connected and locally connected topological space, p ∈ U a point, and
(V1,G1, π1) and (V2,G2, π2) uniformizing systems of the neighborhoods U1 and U2
of p respectively, then
Definition 2.1.4. (V1,G1, π1) and (V2,G2, π2) are equivalent at p if they induce uni-
formizing systems for a neighborhood U3 ⊂ U1 ∩ U2 of p
The germ of (V ,G, π) at p is defined as the set of uniformizing systems of neighbor-
hoods of p which are equivalent at p with (V ,G, π).
Definition 2.1.5. Let X be a Hausdorff, second countable topological space. An
n-dimensional orbifold structure on X is a set {(Vp,Gp, πp)|p ∈ X} such that
• (Vp,Gp, πp) is a uniformizing system of Up, neighborhood of p in X,
• for any point q ∈ Up, (Vp,Gp, πp) and (Vq,Gq, πq) are equivalent at q.
We say that two orbifold structures onX, {(Vp,Gp, πp)}p∈X and {(V ′p,G′p, π ′p)}p∈X,
are equivalent if for any q ∈ X (Vq,Gq, πq) and (V ′q,G′q, π ′q) are equivalent at q.
Definition 2.1.6. With a given orbifold structure, X is called an orbifold.
Sometimes we will simply denote by X the pair (X, {(Vp,Gp, πp)}p∈X). When we
want to make the distinction between the underlying topological spaceX and the orbifold
(X, {(Vp,Gp, πp)}p∈X) we will write X for the latter.
For any p ∈ X let (V ,G, π) be a uniformizing of a neighborhood around p and
p̄ ∈ π−1(x). Let Gp be the stabilizer of G at p. Up to conjugation the group Gp is
independent of the choice of p̄ and is called the isotropy group or local group at p.
Definition 2.1.7. An orbifoldX is called reduced if the isotropy groupsGp act effectively
for all p ∈ X.
In particular this implies that an orbifold is reduced if and only if the groups ker G
of Definition 2.1.2 are all trivial.
Example 2.1.8. Let X = Y/G be the orbifold which is the global quotient of the finite
groupG acting on a connected space Y via automorphisms. Then {(X,G, π)} is trivially
an orbifold structure for X. We can also define another equivalent orbifold structure in






the disjoint union of neighborhoods V αp , whereG acts as permutations on the connected
components of π−1(Up).
LetVp be one of these connected components, and letGp be the subgroup ofGwhich
fixes this component Vp (we could have takenUp so thatGp is the isotropy group of the
point y ∈ π−1(p) ∩ Vp) and take πp = π |Vp , then Vp/Gp
∼=→ Up and (Vp,Gp, πp) is
a uniformizing system for Up. This is a direct application of the previous remark.
Now we can define the notion of an orbifold vector bundle or orbibundle of rank k.
Given a uniformized topological space U and a topological space E with a surjective
continuous map pr : E → U , a uniformizing system of a rank k vector bundle E over
U is given by the following information:
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• A uniformizing system (V ,G, π) of U ,
• A uniformizing system (V × Rk,G, π̃) for E such that the action of G on V × Rk
is an extension of the action of G on V given by g(x, v) = (gx, ρ(x, g)v), where
ρ : V ×G→ Aut(Rk) is a smooth map which satisfies
ρ(gx, v) ◦ ρ(x, g) = ρ(x, h ◦ g), g, h ∈ G, x ∈ V,
• The natural projection map p̃r : V × Rk → V satisfies π ◦ p̃r = pr ◦ π̃ .
In the same way the orbifolds were defined, once we have the uniformizing systems
of rank k we can define the germ of orbibundle structures.
Definition 2.1.9. The topological space E provided with a given germ of vector bundle
structures over the orbifold structure of X, is an orbibundle over X.
Let’s consider now orbifolds X and X′ and a continuous map f : X → X′. A lift-
ing of f is the following: for any point p ∈ X there are charts (Vp,Gp, πp) at p and
(Vf (p),Gf (p), πf (p)) at f (p), and a lifting f̃p of fπp(Vp) : πp(Vp) → πf (p)(Vf (p))
such that for any q ∈ πp(Vp), f̃q and f̃p define the same germ of liftings of f at q.
Definition 2.1.10. A C∞ map between orbifolds X and X′ (orbifold-map) is a germ of
C∞ liftings of a continuous map between X and X′.
We would like to be able to pull-back bundles using maps between orbifolds, but it
turns out that with general orbifold-maps they cannot be defined. We need to restrict
ourselves to a more specific kind of maps between orbifolds; they were named good
maps by Chen and Ruan (see [8]). These good maps will precisely match the definition
of a morphism in the category of groupoids (see Proposition 5.1.7).
Let f̃ : X→ X′ be a C∞ orbifold-map whose underlying continuous function is f .
Suppose there is a compatible cover U of X and a collection of open subsets U ′ of X′
defining the same germs, such that there is a 1−1 correspondence between elements of U
and U ′, say U ↔ U ′, with f (U) ⊂ U ′ and U1 ⊂ U2 implies U ′1 ⊂ U ′2. Moreover, there
is a collection of localC∞ liftings of f where f̃UU ′ : (V ,G, π)→ (V ′,G′, π, ) satisfies
that for each injection (i, φ) : (V1,G1, π1) → (V2,G2, π2) there is another injection




1)→ (V ′2,G′2, π ′2)with f̃U1U ′1◦i = ν(i)◦f̃U2U ′2 ;
and for any composition of injections j ◦ i, ν(j ◦ i) = ν(j) ◦ ν(i) should hold.
The collection of maps {f̃UU ′ , ν} defines a C∞ lifting of f . If it is in the same germ
as f̃ it is called a compatible system of f̃ .
Definition 2.1.11. A C∞ map is called good if it admits a compatible system.
Lemma 2.1.12 [29, Lemma 2.3.2]. Let pr : E → X be an orbifold vector bundle over
X′. For any compatible system ξ = {f̃UU ′ , ν} of a good C∞ map f : X→ X′, there is
a canonically constructed pull-back bundle ofE via f̃ (a bundle pr : Eξ → X together
with a C∞ map f̃ξ : Eξ → E covering f̃ .)
2.2. Orbifold cohomology. Motivated by index theory and by string theory Chen and
Ruan have defined a remarkable cohomology theory for orbifolds. One must point out
that while as a group it had appeared before in the literature in several forms, its product
is completely new and has very beautiful properties.
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ForX an orbifold, and p a point in Up ⊂ X with (Vp,Gp, πp), π(Vp) = Up a local
chart around it, the multi-sector ̃kX is defined as the set of pairs (p, (g)), where (g)
stands for the conjugacy class of g = (g1, . . . , gk) in Gp.




where V gp = V g1p ∩ V g2p ∩ · · · ∩ V gkp and C(g)) = C(g1) ∩ C(g2) ∩ · · · ∩ C(gk). V gp
stands for the fixed-point set of g ∈ Gp in Vp, and C(g) for the centralizer of g in Gp.
Its connected components are described in the following way. For q ∈ Up, up to
conjugation, there is an injective homomorphism Gq → Gp, so for g in Gq the con-
jugacy class (g)Gp is well defined. In this way we can define an equivalence relation
(g)Gq ∼= (g)Gp and we call Tk the set of such equivalence classes. We will abuse notation
and will write (g) to denote the equivalence class to which (g)Gp belongs. Let T
0
k ⊂ Tk
be the set of equivalence classes (g) such that g1g2 . . . gk = 1.





(p, (g′)Gp)|g′ ∈ Gp & (g′)Gp ∈ (g)
}
.
X(g) for g 
= 1 is called a twisted sector and X(1) the non-twisted one.
Example 2.2.1. Let’s consider the global quotient X = Y/G, G a finite group. Then






An important concept in the theory is that of an inner local system as defined by Y.
Ruan [29]. We will show below that the gerbes are models of these systems.
Definition 2.2.2. Let X be an orbifold. An inner local system L = {L(g)}(g)∈T1 is an
assignment of a flat complex line orbibundle L(g) → X(g) to each twisted sector X(g)
satisfying the compatibility conditions:
(1) L(1) = 1 is trivial.
(2) I ∗L(g−1) = L(g)
(3) Over each X(g) with (g) ∈ T 03 (g1g2g3 = 1),
e∗1L(g1) ⊗ e∗2L(g2) ⊗ e∗3L(g3) = 1.
One way to introduce inner local systems is by discrete torsion. Let Y be the universal
orbifold cover of the orbifold Z, and let πorb1 (Z) be the group of deck transformations
(see [34]).
ForX = Z/G, Y is an orbifold universal cover ofX and we have the following short
exact sequence:
1 −→ π1(Z) −→ πorb1 (X) −→ G −→ 1.
We call an element in H 2(πorb1 (X),U(1)) a discrete torsion of X. Using the pre-
vious short exact sequence H 2(G,U(1)) → H 2(πorb1 (X),U(1)), therefore elements
α ∈ H 2(G,U(1)) induce discrete torsions.
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We can see α : G × G → U(1) as a two-cocycle satisfying α1,g = αg,1 = 1 and
αg,hkαh,k = αg,hαgh,k for any g, h, k ∈ G. We can define its phase as γ (α)g,h :=
αg,hα
−1
h,g which induces a representation of C(g),
Lαg := γ (α)g, : C(g)→ U(1).
Example 2.2.3. In the case that Y → X is the orbifold universal cover andG is the orb-
ifold fundamental group such that X = Y/G, we can construct a complex line bundle
Lg = Yg ×Lαg C over X(g). We get that Ltgt−1 is naturally isomorphic to Lg so we can
denote the latter one by L(g), and restricting to X(g1,...,gk), L(g1,...,gk) = L(g1) · · ·L(gk);
then L = {L(g)}(g)∈T1 is an inner local system for X.
To define the orbifold cohomology group we need to add a shifting to the cohomology
of the twisted sectors, and for that we are going to assume that the orbifold X is almost
complex with complex structure J ; recall that J will be a smooth section of End(T X)
such that J 2 = −Id.
For p ∈ X the almost complex structure gives rise to an effective representation




















It is easy to see that it is locally constant, hence we call it ι(g); it is an integer if and only
if ρp(g) ∈ SLn(C) and
ι(g) + ι(g−1) = rank(ρp(g)− I ),
which is the complex codimension dimCX−dimCX(g). ι(g) is called the degree shifting
number.






If L = Lα for some discrete torsion α we define
H ∗orb,α(X,C) = H ∗orb(X,Lα).
Example 2.2.5. For the global quotient X = Y/G and α ∈ H 2(G,U(1)), Lαg induces
a twisted action of C(g) on the cohomology of the fixed point set H ∗(Y g,C) by β →
Lαg(h)h
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2.3. OrbifoldK-theory. In this section we will briefly describe a construction by Adem
and Ruan of the so-called twisted orbifold K-theory. The following construction will
generate a twisting of the orbifold K-theory by a certain class in a group cohomology
group. We will recover this twisting later, as a particular case of a twisting of K-theory
on a groupoid by an arbitrary gerbe.
The following constructions are based on projective representations. A function ρ :
G→ GL(V ), forV a finite dimensional complex vector space, is a projective representa-
tion ofG if there exists a functionα : G×G→ C∗ such that ρ(x)ρ(y) = α(x, y)ρ(xy).
Such α defines a two-cocycle on G, and ρ is said to be α-representation on the space
V . We can take the sum of any two α-representations, hence we can define the Grot-
hendieck group,Rα(G), associated to the monoid of linear isomorphism classes of such
α-representations.
Let’s assume that  is a semi-direct product of a compact Lie groupH and a discrete
group G. Let α ∈ H 2(G,U(1)) so we have a group extension
1→ U(1)→ G̃→ G→ 1,
and ̃ is the semi-direct product of H and G̃.
Suppose that acts on a smooth manifoldX such thatX/ is compact and the action
has only finite isotropy, then Y = X/ is an orbifold.
Definition 2.3.1. An α twisted-vector bundle onX is a complex vector bundleE→ X
such that U(1) acts on the fibers through complex multiplication extending the action of
 in X by an action of ̃ in E.
We define αK(X) the α-twisted -equivariant K-theory of X as the Grothendieck
group of isomorphism classes of α twisted -bundles over X.
For an α-twisted bundle E→ X and a β-twisted bundle F → X consider the tensor
product bundleE⊗F → X; it becomes an α+β-twisted bundle. So we have a product
αK(X)⊗ βK(X)→ α+βK(X).





When  is a finite group, there is the following decomposition theorem,
Theorem 2.3.2 [29, Th. 4.2.6.]. Let  be a finite group that acts on X, then for any
α ∈ H 2(G,U(1)),
αK∗(X)⊗ C ∼= H ∗orb,α(X/;C).







H ∗(Xg;C)Cα(g) ∼= H ∗orb,α(X/;C).
Definition 2.3.3. In the case that Y → X is the orbifold universal cover and α ∈
H 2(πorb1 (X),U(1)), the α twisted orbifold K-theory,
αKorb(X), is the Grothendieck
group of isomorphism classes of α-twisted πorb1 (X)-orbifold bundles over Y and the
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2.4. Twisted K-theory on smooth manifolds. In [35] Witten shows that the D-brane
charge for Type IIB superstring theories (in the case of 9-branes) should lie on a twisted
K-theory group that he denotes as K[H ](M), where a 3-form H ∈ 3(M;R) models
the Neveu-Schwarz B-field and [H ] ∈ H 3(M;Z) is an integer cohomology class. The
manifold M is supposed smooth and it is where the D-branes can be wrapped. The
class [H ] is not torsion, but in any case when [H ] is a torsion class Witten gives a very
elementary definition of K[H ](M). This will also be a particular class of the twisting of
K-theory on a stack by a gerbe defined below.
The construction of K[H ](M) is as follows. Consider the long exact sequence in
simplicial cohomology with constant coefficients
· · · → H 2(M;R) i→ H 2(M;U(1))→ H 3(M;Z)→ H 3(M;R)→ · · · (2.4.1)
induced by the exponential sequence 0 → Z i→ R exp→ U(1) → 1. Since [H ] is tor-
sion, it can be lifted to a class H ∗ ∈ H 2(M;U(1)), and if n is its order, then for a
fine covering U = {Ui}i of M the class H ∗ will be represented by a Čech cocycle
hijk ∈ Č3(M)(Q(ζn)) valued on nth roots of unity.
Now we can consider a vector bundle as a collection of functionsgij : Uij → GLm(C)
such that gij gjkgki = idGLm(C).
Definition 2.4.1. We say that a collection of functions gij : Uij → GLm(C) is an [H ]-
twisted vector bundle E if gij gjkgki = hijk · idGLm(C). The Grothendieck group of such
twisted bundles is K[H ](M).
This definition does not depend on the choice of cover, for it can be written in terms
of a Grothendieck group of modules over the algebra of sections END(E) of the endo-
morphism bundle E ⊗ E∗, that in particular is an ordinary vector bundle [11].
In the case in which the class α = [H ] is not a torsion class one can still define
a twisting and interpret it in terms of Fredholm operators on a Hilbert space. The fol-
lowing description is due to Atiyah and Segal [2]. Let H be a fixed Hilbert space. We
let B(H) be the Banach algebra of bounded operators on H and F(H) ⊂ B(H) be the
space of Fredholm operators on H, namely, those operators in B(H) that are invertible
in B(H)/K(H), where K(H) is the ideal in B(H) consisting of compact operators.
Then we have the following classical theorem of Atiyah, for X a topological space:
K(X) = [X,F],
where the right-hand side means all the homotopy classes of mapsX→ F . In particular
F  BU .
For a cohomology class α ∈ H 3(X,Z)Atiyah and Segal construct a bundle Fα over
X with fiber F(H), and then define the twisted Kα-theory as
Kα(X) = [(Fα)], (2.4.2)
namely the homotopy classes of sections of the bundle Fα .
To construct Fα we will use Kuiper’s theorem that states that the group U(H) of
unitary operators in H is contractible and therefore one has
P(C∞)  K(Z, 2)  BU(1)  U(H)/U(1) = PU(H).
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This fact immediately implies K(Z, 3)  BPU(H). Hence the class α ∈ H 3(X,Z) =
[X,K(Z, 3)] = [X,BPU(H)] produces a Hilbert projective bundle Pα . The class α is
called the Dixmier-Douady class of the projective bundle. We define
Fα := Pα ×PU(H) F(H),
where PU(H) acts on F(H) by conjugation1 . It is worthwhile to mention that J. Rosen-
berg has previously defined Kα(X) in [28]. His definition is clearly equivalent to the
one explained above.
3. Gerbes over Smooth Manifolds
3.1. Gerbes. As a way of motivation for what follows, later we will summarize the facts
about gerbes over smooth manifolds; we recommend to see [5, 15] for a more detailed
description of the subject. Just as a line bundle can be given by transition functions, a
gerbe can be given by transition data, namely line bundles. But the “total space” of a
gerbe is a stack, as explained in the appendix. The same gerbe can be given as transition
data in several ways.
Let’s suppose M is a smooth manifold and {Uα}α an open cover. Let’s consider the
functions
gαβγ : Uα ∩ Uβ ∩ Uγ −→ U(1)
defined on the threefold intersections satisfying
gαβγ = g−1αγβ = g−1βαγ = g−1γβα
and the cocycle condition
(δg)αβγ η = gβγηg−1αγ ηgαβηg−1αβγ = 1
on the four-fold intersectionUα ∩Uβ ∩Uγ ∩Uη. All these data define a gerbe. We could
think of g as a Čech cocycle of H 2(M,C∞(U(1))) and therefore we can tensor them
using the product of cocycles. It also defines a class inH 3(M;Z); taking the long exact
sequence of cohomology
· · · → Hi(M,C∞(R))→ Hi(M,C∞(U(1)))→ Hi+1(M,Z)→ · · ·
given from the exact sequence of sheaves
0→ Z→ C∞(R)→ C∞(U(1))→ 1
and using that C∞(R) is a fine sheaf, we get H 2(M,C∞(U(1))) ∼= H 3(M,Z). We
might say that a gerbe is determined topologically by its characteristic class.
A trivialization of a gerbe is defined by functions
fαβ = fβα : Uα ∩ Uβ → U(1)
on the twofold intersections such that
gαβγ = fαβfβγ fγα.
In other words g is represented as a coboundary δf = g.
1 The ordinary action of U(H) on F(H) by conjugation clearly descends to PU(H).
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The difference of two trivializations fαβ and f ′αβ given by hαβ becomes a line bundle
(hαβhβγ hγα = 1).
Over a particular open subset U0 we can define a trivialization, for β, γ 
= 0 we take
fβγ := g0βγ and because of the cocycle condition we have gαβγ = fαβfβγ fγα . Adding
f0β = 1 we get a trivialization localized at U0 and we could do the same over each Uα .
Then on the intersections Uα ∩Uβ we get two trivializations that differ by a line bundle
Lαβ . Thus a gerbe can also be seen as the following data:
• A line bundle Lαβ over each Uα ∩ Uβ
• Lαβ ∼= L−1βα
• A trivialization θαβγ of LαβLβγLγα ∼= 1,where θαβγ : Uαβγ → U(1) is a 2-cocycle.
Example 3.1.1 [15, Ex. 1.3]. Let Mn−3 ⊂ Xn be an oriented codimension 3 submani-
fold of a compact oriented one X. Take coordinate neighborhoods Uα of X along M;
we could think of them as Uα ∼= (Uα ∩M)×R3, and let U0 = X\N(M), whereN(M)
is the closure of a small neighborhood of M , diffeomorphic to the disc bundle in the
normal bundle. We have
U0 ∩ Uα ∼= Uα ∩M × {x ∈ R3 : ||x|| > ε}
and let’s is define the bundle Lα0 as the pullback by x → x/||x|| of the line bundle of
degree 1 over S2.
The line bundles Lαβ = Lα0L−10β are defined on (Uα∩Uβ∩M)×{x ∈ R3 : ||x|| > ε}
and by construction c1(Lαβ) = 0 over S2, then they can be extended to trivial ones on the
wholeUα ∩Uβ . This information provides us with a gerbe and the characteristic class of
it in H 3(X,Z) is precisely the Poincaré dual to the homology class of the submanifold
M . This is the gerbe that we will use to recover Witten’s twisting of K-theory.
3.2. Connections over gerbes. We can also do differential geometry over gerbes [15]
and we will describe what is a connection over a gerbe.
For {Uα} a cover such that all finite non-empty intersection are contractible (a Leray
cover), a connection will consist of 1-forms over the double intersectionsAαβ , such that
iAαβ + iAβγ + iAγα = g−1αβγ dgαβγ ,
where gαβγ : Uα ∩ Uβ ∩ Uγ → U(1) is the cocycle defined by the gerbe.
Because d(g−1αβγ dgαβγ ) = 0 there are 2-forms Fα defined over Uα such that Fα −
Fβ = dAαβ ; as dFα = dFβ then we define a global 3-form G such that G|Uα = dFα .
This 3-form G is called the curvature of the gerbe connection.
As the Aαβ are 1-forms over the double intersections, we could reinterpret them as
connection forms over the line bundles. So, using the line bundle definition of gerbe, a
connection in that formalism is:
• A connection αβ on Lαβ such that
• αβγ θαβγ = 0 where αβγ is the connection over LαβLβγLγα induced by the αβ
• A 2-form Fα ∈ 2(Uα) such that on Uα ∩Uβ , Fβ −Fα equals the curvature ofαβ.
When the curvature G vanishes we say that the connection on the gerbe is flat.
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4. Groupoids
The underlying idea of everything we do here is that an orbifold is best understood as a
stack. A stack X is a “space” in which we can’t talk of a point in X but rather only of
functions S → X , where S is any space, much in the same manner in which it makes
no sense to talk of the value of the Dirac delta δ(x) at a particular point, but it makes
perfect sense to write
∫
R δ(x)f (x)dx. To be fair there are points in a stack, but they carry
automorphism groups in a completely analogous way to an orbifold. We refer the reader
to the Appendix for more on this. In any case, just as a smooth manifold is completely
determined by an open cover and the corresponding gluing maps, in the same manner a
stack will be completely determined by a groupoid representing it. Of course there may
be more than one such groupoid, so we use the notion of Morita equivalence to deal with
this issue.
A groupoid can be thought of as a generalization of a group, a manifold and an
equivalence relation. First an equivalence relation. A groupoid has a set of relations R
that we will think of as arrows. These arrows relate elements in a set U . Given an arrow
r→∈ R it has a source x = s( r→) ∈ U and a target y = t ( r→) ∈ U . Then we say that
x
r→ y, namely x is related to y. We want to have an equivalence relation, for example
we want transitivity and then we will need a way to compose arrows x
r→ y s→ z. We
also require R and U to be more than mere sets. Sometimes we want them to be locally
Hausdorff, paracompact, locally compact topological spaces, sometimes schemes.
Consider an example. Let X = S2 be the smooth 2-dimensional sphere. Let p, q be
the north and the south poles of S2, and define U1 = S2 − {p} and U2 = S2 − {q}.
Let U12 = U1 ∩ U2 and U21 = U2 ∩ U1 be two disjoint annuli. Similarly take two
disjoint disks U11 = U1 ∩ U1 and U22 = U2 ∩ U2. Consider a category where the
objects are U = U1  U2, where  means disjoint union. The set of arrows will be
R = U11  U12  U21  U22. For example the point x ∈ U12 ⊂ R is thought of as an
arrow from x ∈ U1 ⊂ U to x ∈ U2 ⊂ U , namely x x→ x. This is a groupoid associ-
ated to the sphere. In this example we can write the disjoint union of all possible triple
intersections as R t×s R.
4.1. Definitions. A groupoid is a pair of objects in a category R,U and morphisms
s, t : R ⇒ U
called respectively source and target, provided with an identity
e : U −→ R,
a multiplication
m : R t×s R −→ R,
and an inverse
i : R −→ R
satisfying the following properties:
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(2) Multiplication is compatible with both s and t :






R s  U






R t  U
(3) Associativity:





























i ◦ i = idR,
s ◦ i = t,















U e  R
We denote the groupoid by R ⇒ U := (R,U, s, t, e,m, i), and the groupoid is called
étale if the base category is that of locally Hausdorff, paracompact, locally compact
topological spaces and the maps s, t : R → U are local homeomorphisms (diffeo-
morphisms). We will say that a groupoid is proper if s × t : R → U × U is a proper
(separated) map. We can of course work in the category of schemes or of differentiable
manifolds as well.
Remark 4.1.1. From now on we will assume that our groupoids are differentiable, étale
and proper. The spaces R and U will be manifolds and the structure maps (s, t, e,m, i)
will be smooth. And the maps s, t will be submersions in order for the space R t×s R
to be also a manifold.







Uα ∩ Uβ (α, β) 
= (β, α)
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s|Uαβ : Uαβ → Uα, t |Uαβ : Uαβ → Uβ e|Uα : Uα → Uα
i|Uαβ : Uαβ → Uβα & m|Uαβγ : Uαβγ → Uαγ
the natural maps. Note that in this example R t×sR coincides with the subset of R t×sR
of pairs (u, v) so that t (u) = s(v), namely the disjoint union of all possible triple inter-
sectionsUαβγ of open sets in the open cover {Uα}. We will denote this groupoid R ⇒ U
by M(M,Uα).
Example 4.1.3. Let G be a group and U a set provided with a left G action
G× U −→ U,
(g, u) → gu,
we put U = U and R = G × U with s(g, u) = u and t (g, u) = gu. The domain of
m is the same as G × G × U, where m(g, h, u) = (gh, u), i(g, u) = (g−1, gu) and
e(u) = (idG, u).
We will write G× U ⇒ U (or sometimes X = [U/G],) to denote this groupoid.












U ′ ψ  U




















R′ ψ  R
Now we need to say when two groupoids are “equivalent”.
Definition 4.1.5. A morphism of étale groupoids (,ψ) is called an étale Morita mor-
phism whenever:
• The map s ◦ π2 : U ′ ψ×t R→ U is an étale surjection,







U ′ × U ′ ψ×ψ  U × U
where only the second condition is the required for a morphism of general groupoids to
be Morita. When working on étale groupoids, the Morita morphisms are understood to
be étale.
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Two groupoids R1 ⇒ U1, R2 ⇒ U2 are called Morita equivalent if there are Morita
morphisms (i, ψi) : R′ ⇒ U ′ −→ Ri ⇒ Ui for i = 1, 2. This is an equivalence
relation and in general we will consider the category of étale groupoids obtained by
formally inverting the Morita equivalences (see [20] for details).
It is not hard to define principal bundles over groupoids where the fibers are groupoids
(cf. [10]), but here we will restrict ourselves to the construction of principal G bundles
over groupoids, where G is a Lie group (or an algebraic group). This will facilitate the
construction of the desired twistings in K-theory.
We give ourselves a groupoid s, t : R ⇒ U .
Definition 4.1.6. A principal G-bundle over the groupoid R ⇒ U is the groupoid
s̃, t̃ : R×G ⇒ U ×G
given by the following structure:
s̃(r, h) := (s(r), h)), t̃(r, h) := (t (r), ρ(r)h), ĩ(r, h) := (i(r), ρ(r)h),
ẽ(u, h) := (e(u), h), and m̃ ((r, h), (r ′, ρ(r)h)) := (m(r, r ′), ρ(m(r, r ′))h) ,
where ρ : R→ G is a map satisfying:
i∗ρ = ρ−1 (π∗1 ρ) · (π∗2 ρ) = m∗ρ.
Definition 4.1.7. For a group G we write Ḡ to denote the groupoid ×G ⇒ .
Proposition 4.1.8. To have a principal G-bundle over G = (R ⇒ U) is the same thing
as to have a morphism of groupoids G → Ḡ.
This definition coincides with the one of orbibundle given previously in Sect. 2.1
when we work with the groupoid associated to the orbifold, this will be discussed in
detail in the next section.
5. Orbifolds and Groupoids
5.1. The groupoid associated to an orbifold. The underlying idea behind what follows
is that an orbifold is best understood when it is interpreted as a stack. We will expand
this idea in the Appendix. There we explain separately the procedures to go first from
an orbifold to a stack, in such a way that the category of orbifolds constructed above
turns out to be a full subcategory of the category of stacks; and then, from a stack to a
groupoid, producing again an embedding of categories. But there is a more direct way to
pass directly from the orbifold to the groupoid and we explain it now. We recommend to
see [10, 22, 24] for a detailed exposition of this issue. Then we complete the dictionary
between the orbifold approach of [8] and the groupoid approach.
Let X be an orbifold and {(Vp,Gp, πp)}p∈X its orbifold structure, the groupoid
R ⇒ U associated to X will be defined as follows: U := ⊔p∈X Vp and an element
g : (v1, V1) → (v2, V2) (an arrow) in R with vi ∈ Vi, i = 1, 2, will be a equiva-
lence class of triples g = [λ1, w, λ2], where w ∈ W for another uniformizing sys-
tem (W,H, ρ), and the λi’s are injections (λi, φi) : (W,H, ρ) → (Vi,Gi, πi) with
λi(w) = vi, i = 1, 2 as in Definition 2.1.2.
For another injection (γ, ψ) : (W ′, H ′, ρ′)→ (W,H, ρ) andw′ ∈ W ′with γ (w′) =
w then [λ1, w, λ2] = [λ1 ◦ γ,w′, λ2 ◦ γ ].
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Now the maps s, t, e, i,m are naturally described:
s([λ1, w, λ2])=(λ1(w), V1), t ([λ1, w, λ2])=(λ2(w), V2), e(x, V )= [idV , x, idV ],
i([λ1, w, λ2]) = [λ2, w, λ1], m([[λ1, w, λ2], [µ1, z, µ2]) = [λ1 ◦ ν1, y, µ2 ◦ ν2],
where h = [ν1, y, ν2] is an arrow joining w and z (i.e. ν1(y) = w & ν2(y) = z).
It can be given a topology to R so that s, t will be étale maps, making it into a
proper, étale, differentiable groupoid, and it is not hard to check that all the properties
of groupoid are satisfied. A detailed proof of this fact can be found in [24, Thm 4.1.1].
Remark 5.1.1. Two equivalent orbifold structures (as in Def. 2.1.5) will induce Morita
equivalent groupoids and vice versa. Thus, the choice of groupoid in the Morita equiv-
alence class that we will use for a specific orbifold will depend on the setting, it may
change once we take finer covers, but it will be clear that it represents the same orbifold.
This fact is proven by Moerdijk and Pronk in [23].
This is a good place to note that an orbifold X given by a groupoid R ⇒ U will be a
smooth manifold if and only if the map (s, t) : R→ U × U is one-to-one.
Now we can construct principal -bundles on the groupoid R ⇒ U associated to the
orbifold X getting,
Proposition 5.1.2. Principal  bundles over the groupoid R ⇒ U are in 1–1 corre-
spondence with -orbibundles over X.
Proof. Let’s suppose the bundles are complex, in other words  = GLn(C). The proof
for general  is exactly the same.
For an n-dimensional complex bundle over R ⇒ U we have a map ρ : R→ GLn(C)
and a groupoid structure R×Cn ⇒ U×Cn as in Definition 4.1.6. LetU be an open set of
X uniformized by (V ,G, π)which belongs to its orbifold structure; forg ∈ G andx ∈ V ,
ξ = [idG, x, g] is an element of R ( via the identity on V , and the action of g in V and
the conjugation by g onG thought of as an automorphism ofV ) and we can define ρV,G :
V×G→ GLn(C)byρV,G(x, g) → ρ([idG, x, g]).Asm([idG, x, g], [idG, gx, hg]) =
[idG, x, hg], we have ρ([idG, gx, h])◦ρ([idG, x, g]) = ρ([idG, x, hg]), which implies
ρV,G(gx, h) ◦ ρV,G(x, g) = ρV,G(x, hg). So (V × Cn,G, π̃) with ρV,G extending the
action of G in Cn is a uniformizing system for the orbibundle we are constructing, we
need to prove now that they define the same germs and then we would get an orbibundle
E→ X using its bundle orbifold structure.
Let (λi, φi) : (W,H,µ)→ (Vi,Gi, πi) be injections of uniformizing systems ofX,
with corresponding bundle uniformizing systems (W×Cn,H, µ̃) and (Vi×Cn,Gi, π̃i).
For x ∈ W , ξ ∈ Cn and h ∈ H , ([idH , x, h], ξ) ∈ R × Cn and t̃ ([idH , x, h], ξ) =
(hx, ρ([idH , x, h])ξ) = ρW,H (x, h)ξ . As [λi, x, φi(h)◦λi] = [idH , x, h] for i ∈ {1, 2}
then ρV1,G1(λ1(x), φ1(h)) = ρV2,G2(λ2(x), φ2(h)); so the bundle uniformizing systems
(Vi×Cn,Gi, π̃i) define the same germs, thus they form a bundle orbifold structure over
X.
Conversely, if we have the orbibundle structure forE→ Xwe need to define the func-
tionρ : R→ GLn(C). So, for injections (λ̃i , φi) : (W×Cn,H,µ)→ (Vi×Cn,Gi, πi)
(where λ̃i extends the λi’s previously defined), ρ([λ1, x, λ2]) will be the element in
GLn(C) such that maps pr2(λ̃1(x, ξ)) → pr2(λ̃2(x, ξ)); here pr2 stands for the pro-
jection on the second coordinate; in other words
ρ([λ1, x, λ2])pr2(λ̃1(x, ξ)) = pr2(λ̃2(x, ξ)).
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Because this bundle uniformizing systems define the same germs, ρ satisfies the product
formula; the inverse formula is clearly satisfied. 
Proposition 5.1.3. Isomorphic -bundles over R ⇒ U correspond to isomorphic
-orbibundles over X, and vice versa.
Proof. We will focus again on complex bundles. To understand what relevant informa-
tion we have from isomorphic bundles, let’s see the following lemmas:
Lemma 5.1.4. An isomorphism of bundles over R ⇒ U (with maps ρi : R→ GLn(C)
for i = 1, 2) is determined by a map δ : R→ GLn(C) such that
R× Cn −→ R× Cn,
(r, ξ) → (r, δ(r)ξ),
U × Cn ψ−→ U × Cn,
(u, ξ) → (u, δ(e(u))ξ),
satisfying δ(i(r))ρ1(r) = ρ2(r)δ(r) and δ(r) = δ(es(r)).
Proof. It is easy to check that (,ψ) defined in this way is a morphism between the
bundles; the equality δ(r) = δ(es(r)) comes from the diagram of the source map and
δ(i(r))ρ1(r) = ρ2(r)δ(r) from the one of the target map, the rest of the diagrams follow
from those two. 
In the same way we could do this procedure for complex orbibundles:
Lemma 5.1.5. An isomorphism of complex orbibundles over X (with maps ρiV,G : V ×
G → GLn(C) for i = 1, 2 and {(V ,G, π)} orbifold structure of X) is determined by
the maps δ̃V : V → GLn(C) such that
V × Cn → V × Cn
(r, ξ) → (r, δ̃V (r)ξ)
satisfying δ̃(gr)ρ1V,G(r, g) = ρ2V.G(r, g)δ̃(r). The δ̃V ’s form a good map.
Proof. Because the underlying orbifold structure needs to be mapped to itself, we obtain
the δV ’s. The equality δ̃(gr)ρ1V,G(r, g) = ρ2V.G(r, g)δ̃(r) holds because of the good map
condition. 
The proof of the proposition is straightforward from these lemmas. The map δ that
comes from the isomorphism of the complex bundles determines uniquely the δ̃V ’s, and
vice versa. 
Example 5.1.6. The tangent bundle TX of an orbifold X is an orbibundle over X. If
U = V/G is a local uniformizing system, then a corresponding local uniformizing
system for TX will be T U/G with the action g · (x, v) = (gx, dgx(v)).
Similarly the frame bundle P(X) is a principal orbibundle over X. The local unifor-
mizing system isU×GLn(C)/Gwith local action g ·(x,A) = (gx, dg◦A). Notice that
P(X) is always a smooth manifold for the local action, is free, and (s, t) : R→ U × U
is one-to-one.
We want the morphism between orbifolds to be morphisms of groupoids, and this is
precisely the case for the good maps given in Definition 2.1.11.
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Proposition 5.1.7. A morphism of groupoids induces a good map between the underlying
orbifolds, and conversely, every good map arises in this way.
Proof. For f : X → X′ a good map between orbifolds, we have a correspondence
U ↔ U ′ between open subsets of a compatible cover ofX and open subsets ofX′, such
that f (U) ⊂ U ′ , and U1 ⊂ U2 implies U ′1 ⊂ U ′2. Moreover, we are provided with
local liftings fUU ′ : (V ,G, π)→ (V ′,G′, π ′) as in Definition 2.1.11. Let R ⇒ U and
R′ ⇒ U ′ be the groupoids constructed from the orbifold structures of X and X′ respec-
tively, determined by the compatible cover {Ui}i ofX and a cover ofX′ that uniformizes
{U ′j }j .
Define ψ : U → U ′ such that ψ |U = fUU ′ and  : R→ R′ by ([λ1, w, λ2]) =
([ν(λ1), ψ(w), ν(λ2)], where the λi’s are injections between W and Vi and the ν(λi)’s
are the corresponding injections between W ′ and V ′i given by the definition of good
map; because
ν(λi) ◦ fWW ′ = fViV ′i ◦ λi
the function  is well defined and together with ψ , satisfy all the conditions for a
morphism of groupoids.
It is clear that the groupoids just used could differ from the groupoids one obtain
after performing the construction defined at the beginning of this chapter, but they are
respectively Morita equivalent.
On the other hand, if we are given : R→ R′ and ψ : U → U ′, we can take a suf-
ficiently small open compatible cover for X such that for U in its cover there is an open
set U ′ of X′ with the desired properties. For (V ,G, π) and (V ′,G′, π ′) uniformizing
systems of U and U ′ respectively, we need to define fUU ′ . The map between V and V ′
is given by ψ |V , and the injection between G and G′ is given as follows.
Let’s take x ∈ V and g ∈ G. We have an automorphism of (V ,G, π) given by the
action by g on V and by conjugation on G, call this automorphism λg; then [idG, x, g]
is an element of R. Using the properties of  and ψ we get that ([IdG, x, g]) =
[IdG′ , ψ(x), g′], where g′ ∈ G′. This because every automorphism of (V ′,G′, π ′)
comes from the action of an element inG′ (see [29, Lemma 2.1.1]). Moreover, we have
that g′ ◦ψ(x) = ψ ◦g(x). This will give us an homomorphism ρUU ′ : G→ G′ sending
g → g′, that together with fUU ′ form the compatible system we required. 
Reduced orbifolds have the property that they can be seen as the quotient of a mani-
fold by a Lie group. We just construct the frame bundle P(X) ofX, which is a manifold,
together with the natural action of O(n) as in Example 5.1.6 (cf. [1]).
Example 5.1.8. Let X be a n-dimensional orbifold, Y its orbifold universal cover and
H = πorb1 (X) its fundamental orbifold group and f : Y → X the cover good map. Let
P(Y ) be the frame bundle of X. By 5.1.6 we know that P(X) is a smooth manifold and
it is endowed with a smooth and effective O(n) action with finite isotropy subgroups
such that X  [P(X)/O(n)] in the category of orbifolds (cf. [1] Prop. 2.3).
The frame bundle P(Y ) is isomorphic to f ∗P(X) and lifting the action ofH in Y to
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Let’s consider now the groupoids RY
sY ,tY⇒ UY and RX
sX,tX⇒ UX associated to the
orbifolds Y andX by using their frame bundles (i.e. RY = P(Y )×O(n) and UY = P(Y )





UY h  UX
since the action of h in P(Y ) × O(n) commutes with the action of O(n), for P(Y ) is
simply f ∗P(X).
As we are working in the reduced case, the orbifold structures of Y and X can
be obtained using the frame bundles P(Y ) and P(X) so we can choose a sufficiently
small orbifold cover {U} of Y , such that for (V ,G, π) a uniformizing system of U , and
h ∈ H , we have an isomorphism ηh : (V ,G, π) ∼= (V ′,G,′ π ′), where (V ′,G′, π ′) is
a uniformizing system for U ′ = hU . In other words, the map ηh induces a groupoid
automorphism of the orbifold (a good map).
Let RY ×H
s,t
⇒ UY be the groupoid defined by the following maps:
s(r, h) = sY (r), t (r, h) = h(tY (r)), e(x) = (eY (x), idH ),
i(r, h) = (h(iY (r)), h−1), m((r1, h1), (r2, h2)) = (m(r1, h−1(r2)), h2h1),
then the following holds.
Proposition 5.1.9. The groupoids RY×H ⇒ UY and RX ⇒ UX are Morita equivalent.
Proof. Noting that the map P(Y ) → P(X) is a surjection and recalling that RX =
P(X)×O(n), we can see that s ◦ π2 : UY f ×t RX → UX is an étale surjection. Finally
because the action of H in RY and UY is free and RY /H  RX, UY /H  UX, it is








UY × UY h  UX × UX
is a fibered square. 
5.2. The category associated to a groupoid and its classifying space. To every groupoid
R ⇒ U we can associate a category C whose objects are the objects in U and whose
morphisms are the objects in R that we have called arrows before. We can see
R(n) := R t×s · · · t×s R︸ ︷︷ ︸
n
as the composition of n morphisms. In the case in which R is a set then R(n) is the set
of sequences (γ1, γ2, . . . , γn) so that we can form the composition γ1 ◦ γ2 ◦ · · · ◦ γn.
With this data we can form a simplicial set [19, 31].
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Definition 5.2.1. A semi-simplicial set (resp. group, space, scheme)X• is a sequence of
sets {Xn}n∈N (resp. groups, spaces, schemes) together with maps
X0  X1  X2  · · · Xm  · · · ,
∂i : Xm→ Xm−1, sj : Xm→ Xm+1, 0 ≤ i, j ≤ m. (5.2.1)
called boundary and degeneracy maps, satisfying
∂i∂j = ∂j−1∂i if i < j,





sj−1∂i if i < j
1 if i = j, j + 1.
sj ∂i−1 if i > j + 1
The nerve of a category (see [31]) is a semi-simplicial setNC,where the objects of C
are the vertices, the morphisms the 1-simplices, the triangular commutative diagrams the
2-simplices, and so on. For a category coming from a groupoid then the corresponding
simplicial object will satisfy NCn = Xn = R(n). We can define the boundary maps
∂i : R(n)→ R(n−1) by:




(γ2, . . . , γn) if i = 0
(γ1, . . . , m(γi, γi+1), . . . , γn) if 1 ≤ i ≤ n− 1
(γ1, . . . , γn−1) if i = n
and the degeneracy maps by
sj (γ1, . . . , γn) =
{
(e(s(γ1)), γ1, . . . , γn) for j = 0
(γ1, . . . , γj , e(t (γj )), γj+1, . . . , γn) for j ≥ 1 .
We will write n to denote the standard n-simplex in Rn. Let δi : n−1 → n be
the linear embedding of n−1 into n as the ith face, and let σj : n+1 → n be the
linear projection of n+1 onto its j th face.







(z, ∂i(x)) ∼ (δi(z), x)
(z, sj (x)) ∼ (σj (z), x) .
Notice that the topologies of Xn are relevant to this definition.
The semi-simplicial object NC determines C and its topological realization is called
BC, the classifying space of the category. Again in our case C is a topological category
in Segal’s sense [31].
For a groupoid R ⇒ U we will call B(R ⇒ U) = BC = |NC| the classifying space
of the groupoid.
The following proposition establishes that B is a functor from the category of grou-
poids to that of topological spaces. Recall that we say that two morphisms of groupoids
are Morita related if the corresponding functors for the associated categories are con-
nected by a morphism of functors.
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Proposition 5.2.3 [21] (cf. [31, Prop. 2.1]). A morphism of groupoids X1 → X2 induces
a continuous map BX1 → BX2. Two morphisms that are Morita related will produce
homotopic maps. In particular a Morita equivalence X1 ∼ X2 will induce a homotopy
equivalence BX1  BX2. This assignment is functorial.
Example 5.2.4. For the groupoid Ḡ = ( × G ⇒ ) the space BḠ coincides with the
classifying space BG of G.
Consider now the groupoid X = (G×G ⇒ G),where s(g1, g2) = g1, t (g1, g2) = g2
and m((g1, g2); (g2, g3)) = (g1, g3), then it is easy to see that BX is contractible and
has a G action. Usually BX is written EG.
A morphism of groupoids X→ Ḡ is the same thing as a principalG bundle over X and
therefore can be written by means of a mapG×G→ G. If we choose (g2, g2) → g−11 g2
the induced map of classifying spaces
EG −→ BG
is the universal principal G-bundle fibration over BG.
Example 5.2.5. Consider a smooth manifold X and a good open cover U = {Uα}α .
Consider the groupoid G = (R ⇒ U), where R consists of the disjoint union of the
double intersections Uαβ . Segal [31, Prop. 4.1] calls XU the corresponding topological
category. There he proves that BG = BXU  X.
If we are given a principal G bundle over G then we have a morphism G → Ḡ of
groupoids, that in turn induces a map X → BG. Suppose that in the previous exam-
ple we take G = GLn(C). Then we get a map X → BGLn(C) → BU and since
K(X) = [X,BU ] this is an element in K-theory.
Example 5.2.6. Consider a groupoid X of the form M × G ⇒ M, where G is acting
on M continuously. Then BX  EG ×G M is the Borel construction for the action
M ×G→ M .
5.3. Sheaf cohomology and Deligne cohomology. On a smooth manifold X a sheaf S
can be defined as a functor from the category whose objects are open sets of X, and
whose morphisms are inclusions to the category (for example) of abelian groups, and a
gluing condition of the type described in the Appendix. So for every open setUα inX we
have an abelian group SUα = S(Uα) called the sections of S inUα . In the representation







Uα ∩ Uβ (α, β) 
= (β, α).
A sheaf can be encoded by giving a sheaf over U with additional gluing conditions given
by R.
Definition 5.3.1 [10]. A sheaf S on a groupoid R ⇒ U consists of
(1) A sheaf S on U .
(2) A continuous (right) action of R on the total space of S.
An action of R on S π→ U is a map S π×tR→ S satisfying the obvious identities.
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The theory of sheaves over groupoids and their cohomology has been developed by
Crainic and Moerdijk [10]. There is a canonical notion of morphism of sheaves. So
we can define the category Sh(X) of sheaves over the groupoid X. Morita equivalent
groupoids have equivalent categories of sheaves. There is a notion of sheaf cohomology
of sheaves over groupoids defined in terms of resolutions. There is also a Čech version
of this cohomology developed by Moerdijk and Pronk [24].
Definition 5.3.2. A groupoid R ⇒ U is called Leray if the spaces R(n) (see below) are
diffeomorphic to a disjoint union of contractible open sets.
Remark 5.3.3. The existence of such a Leray groupoid for orbifolds was proven by
Moerdijk and Pronk in [24, Cor. 1.2.5].
From now on we will always take a representative of the Morita class of the groupoid
that is of Leray type. The basic idea is just as in the case of a smooth manifold, an S
valued n Čech cocycle is an element c ∈ S(
∐
Uα1···αn), and in a similar fashion we
can define cocycles in the groupoid R ⇒ U in terms of the sheaf and the products
R(n) := R t×s · · · t×s R︸ ︷︷ ︸
n
. Then using alternating sums of the natural collection of
maps
R(0) ⇔ R(1)←−⇔R(2)←−⇔←−R(3) · · · ,
we can produce boundary homomorphisms and define the cohomology theory.
The resulting groupoid sheaf cohomology satisfies the usual long exact sequences
and spectral sequences. In particular we can use the exponential sequence induced by
the sequence of sheaves 0→ Z i→ R exp→ U(1)→ 1.
In [24, 20, 10] we find a theorem that implies the following
Theorem 5.3.4. For an orbifold with groupoid X and a locally constant system A of
coefficients (for example A = Z) we have
H ∗(X, A) ∼= H ∗(BX, A),
where the left-hand side is orbifold sheaf cohomology and the right hand side is ordinary
simplicial cohomology.
Moerdijk has proved that the previous theorem is true for arbitrary coefficients A
[21].
Crainic and Moerdijk have also defined hypercohomology for a bounded complex
of sheaves in a groupoid, and they obtained the basic spectral sequence. In [16, 17] we
define Deligne cohomology for groupoids associated to orbifolds and also Cheeger-Si-
mons cohomology.
6. Gerbes over Orbifolds
6.1. Gerbes and inner local systems. From this section on we are going to work over the
groupoid associated to an orbifold. For R ⇒ U the groupoid associated to an orbifold
X defined in 5.1 we will consider the following
Definition 6.1.1. A gerbe over an orbifold R ⇒ U , is a complex line bundle L over R
satisfying the following conditions:
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• i∗L ∼= L−1
• π∗1 L⊗ π∗2 L⊗m∗i∗L
θ∼= 1
• θ : R t×s R→ U(1) is a 2-cocycle,
whereπ1, π2 : R t×sR→ R are the projections on the first and the second coordinates,
and θ is a trivialization of the line bundle.
The following proposition2 shows that the analogy with a finite group can be carried
through in this case.
Proposition 6.1.2. To have a gerbe L over a groupoid G is the same thing as to have a
central extension of groupoids
1→ U(1)→ G̃ → G → 1.
Lemma 6.1.3. In the case of a smooth manifoldM [35, 15] we define the groupoid as in
Example 4.1.2. For a line bundle L over R we get line bundles Lαβ := L|Uαβ over the
double intersections Uαβ such that Lαβ ∼= L−1βα , and LαβLβγL−1αγ
θ∼= 1 over the triple
intersections Uαβγ ; then we get a gerbe over the manifold as defined in Sect. 3.
We want to relate the discrete torsions of Y. Ruan [29] over a discrete group G and
the gerbes over the corresponding groupoid.
Example 6.1.4. Gerbes over a discrete group G are in 1-1 correspondence with the set
of two-cocycles Z2(G,U(1)).
We recall thatG denotes the groupoid ∗×G ⇒ ∗ the trivial maps s, t and i(g) = g−1
and m(h, g) = hg (clearly we can drop the ∗ as is customary). A gerbe over G is a line
bundle L overG such that, if we call Lg the fiber at g, L−1g = Lg−1 and LgLh
β∼= Lgh. So







Then β : G×G→ U(1) satisfies the cocycle condition and henceforth is a two-cocycle.
It is clear how to construct the gerbe over G once we have the two-cocycle.
The representations of Lαg : C(g) → U(1) defined in Sect. 2.2 for some α ∈





then θ(g, h) := αg,hα−1h,g defines a representation θ(g, ) : C(g)→ U(1) and it matches
the Lαg for β = α.
2 We owe this observation to I. Moerdijk.
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6.2. The characteristic class of a gerbe. We want to classify gerbes over an orbifold. As
we have pointed out before, the family of isomorphism classes of gerbes on a groupoid
R ⇒ U forms a group under the operation of the tensor product of gerbes, that we will
denote as Gb(R ⇒ U). Given an element [L] ∈ Gb(R ⇒ U)we can choose a represen-
tative L and such a representative will have an associated cocycle θ : R t×s R→ U(1).
Two isomorphic gerbes will differ by the co-boundary of a cocycle R→ U(1).
Example 6.2.1. Gb(Ḡ) ∼= H 2(G,U(1)).
Using Lemma 6.1.4 and the previous definition of the group Gb(Ḡ) we see that two
isomorphic gerbes define cohomologous cycles, and vice versa.
We will call the cohomology class 〈L〉 ∈ H 2(R ⇒ U,C∗) of θ , the characteristic
class of the gerbe L. As explained in Sect. 5.3 we can use the exponential sequence of
sheaves to show that H 2(R ⇒ U,C∗) ∼= H 3(R ⇒ U,Z) and then using the isomor-
phism 5.3.4 H 3(R ⇒ U,Z) ∼= H 3(B(R ⇒ U),Z) we get
Proposition 6.2.2. For a groupoid R ⇒ U we have the following isomorphism:
Gb(R ⇒ U) ∼= H 3(B(R ⇒ U),Z)
given by the map [L]→ 〈L〉 that associates to a gerbe its characteristic class.
In particular using 5.2.3 we have that
Proposition 6.2.3. The groupGb(R ⇒ U) is independent of the Morita class of R ⇒ U .
This could also have been obtained noting that a gerbe over an orbifold can be given
as a sheaf of groupoids in the manner of 8.3.2.
Example 6.2.4. Consider an inclusion of (compact Lie) groupsK ⊂ G and consider the
groupoid G given by the action of G in G/K ,
G/K ×G ⇒ G/K.
Observe that the stabilizer of [1] is K and therefore we have that the following
groupoid:
[1]×K ⇒ [1],
which is Morita equivalent to the one above.
From this we obtain
Gb(G) ∼= H 3(K,Z).
As it was explained in 2.4 in the case of a smooth manifold M we have that
Gb(M) = [M,BBC∗],
where BBC∗ = BPU(H) for a Hilbert space H.
Let us write PU(H) to denote the groupoid ×PU(H)→ . We have the following
Proposition 6.2.5. For an orbifold X given by a groupoid X we have
Gb(X) = [X,PU(H)],
where [X,PU(H)] represents the Morita equivalence classes of morphisms from X to
PU(H)
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6.3. Differential geometry of gerbes over orbifolds and the B-field.. Just as in the case
of a gerbe over a smooth manifold, we can do differential geometry on gerbes over an
orbifold groupoid X = (R ⇒ U). Let us define a connection over a gerbe in this context.
Definition 6.3.1. A connection (g,A, F,G) over a gerbe R ⇒ U consists of a complex
valued 0-form g ∈ 0(R t×s R), a 1-form A ∈ 1(R), a 2-form F ∈ 2(U) and a
3-form G ∈ 3(U) satisfying
• G = dF ,
• t∗F − s∗F = dA and
• π∗1A+ π∗2A+m∗i∗A = −
√−1g−1dg.




√−1G represents the integer characteristic class of the gerbe in
cohomology with real coefficients; this is the Chern-Weil theory for a gerbe over an
orbifold. One can reproduce now Hitchin’s arguments in [15] mutatis mutandis. In par-
ticular when a connection is flat one can speak of a holonomy class in H 2(BX, U(1)).
Hitchin’s discussion relating a gerbe to a line bundle on the loop space has an analogue
that we have studied in [18]. There, for a given groupoid X we construct a groupoid
LX that represents the free loops on X. The “coarse moduli space” or quotient space
of this groupoid coincides with Chen’s definition of the loop space [7], but LX has
more structure. In particular if we are given a gerbe L over X, using the holonomy
we construct a “line bundle”  over LXS
1
, the fixed subgroupoid under the action
of S1, by a groupoid homomorphism LXS
1 −→ U(1). Let us consider the groupoid
∧X = (∧X)1 ⇒ (∧X)0, with objects (∧X)0 = {r ∈ R|s(r) = t (r)}, and arrows
(∧X)1 = {λ ∈ R|r1 λ→ r2 ⇔ m(λ, r2) = m(r1, λ)}. The groupoid ∧X is certainly
étale, but it is not necessarily smooth. In other words the twisted sectors are an orbi-
space or a topological groupoid [7, 18].
Theorem 6.3.2 [18]. The orbifold ̃1X defined in 2.2 is represented by the groupoid
∧X. There is a natural action of S1 on LX. The fixed subgroupoid (LX)S1 under this
action is equal to ∧X. The holonomy line bundle over ∧X is an inner local system as
defined in 2.2.
From this discussion we see that in orbifolds with discrete torsion as the ones con-
sidered by Witten in [35, p. 34], what corresponds to the B-field 3-formH in [35, p. 30]
is the 3-formG of this section. The analogue of K[H ] that Witten requires in [35, p. 34]
will be constructed in the next section.
Let us recall that the smooth Deligne cohomology groups of an orbifold X can be
defined as in Sect. 5.3. To finish this section let us state one last proposition in the orbifold
case.
Proposition 6.3.3 [17, Prop. 3.0.6.]. The group of gerbes with connection over an orb-
ifold X are classified by the Deligne cohomology group H 3(X,Z(3)∞D ).
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7. Twisted LKgpd-Theory
7.1. Motivation. Think of a groupG as the groupoid ×G ⇒ , that is to say, a category




The theory of representations of G consists of the study of the functor G → R(G),
whereR(G), is the Grothendieck ring of representations ofGwith direct sum and tensor
product as operations.
An n-dimensional representation ρ of G is a continuous assignment of a linear map
Cn
ρg
for every arrow g ∈ G. Namely a representation is encoded in a map
ρ : R = ×G→ GLn(C)
or in other words is a principal GLn(C) bundle over the groupoid G = ( × G ⇒ ).
For finite groups this is simply an orbibundle.
For a given orbifold, the study of its Korb-theory is the exact analogue to the previ-
ous situation, in other words, the representation theory of groupoids is K-theory. The
analogue of a representation is an orbibundle as in 4.1.6. Every arrow in the groupoid
corresponds to an element in GLn(C), but now there are many objects so we get a copy
of Cn for every object in U , namely a bundle over U with gluing information.
In the case of a smooth manifold this recovers the usual K-theory.
It is clear now that we can twist Kgpd(X) by a gerbe L over X in the very same
manner in which R(G) can be twisted by an extension
1→ C∗ → G̃→ G→ 1.
Such an extension is the same thing as a gerbe over G = ( × G ⇒ ). This twisting
recovers all the twistings of K-theory mentioned before in this paper.
For a moment let’s restrict our attention to the groupoid G associated to a smooth
manifoldX as defined in 4.1.2, and let’s see how itsK-theory can be interpreted in terms
of this groupoid.
Let C be the (discrete) category whose objects are finite dimensional vector spaces
and whose morphisms are linear injections. Then a functor of categories
G −→ C
assigns to every object of G a vector space and to every morphism of G a linear isomor-







Uα ∩ Uβ (α, β) 
= (β, α)
then we realize that this is equivalent to giving a trivial vector over U and linear gluing
instructions, that is to say, a vector bundle over M .
It is also clear that the category C is equivalent to the category with one object for
every non-zero integer n ∈ Z≥0, and with morphisms generated by the isomorphisms
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⊔
GLn(C) and the arrows n → m whenever n ≤ m. The classifying space of C is
Gr(C∞)  BGL∞(C)  BU .
In this case BG  X [31], and we get an element in the reduced K-theory of X,
[X,BU ] = K̃(X). This discussion is also valid in the case in which X is an orbifold
and shows that our constructions do not depend on the choice of Leray étale groupoid
representing the orbifold that we take. This will motivate us to define theK-theory of an
orbifold X given by a groupoid G by means of such functors G → C. Actually we will
use groupoid homomorphisms from G to some groupoid V whose classifying space is
homotopic to C, and this will allow us to generalize the definition to the twisted case.
Following Segal and Quillen’s ideas in algebraic K-theory we can do better in the
untwisted case. Consider the category Ĉ of virtual objects of C, namely the objects of
Ĉ are pairs of vector spaces (V0, V1) and a morphism from (V0, V1) to (U0, U1) is an
equivalence of a triple [W ; f0, f1] where W is a vector space and fi : Vi ⊕W → Ui
is an isomorphism. We say that (W ; f0, f1) ∼ (W ′, f ′0, f ′1) if and only if there is an
isomorphism g : W → W ′ such that f ′i ◦ (idVi ⊕ g) = fi .
It is a theorem of Segal that BĈ is homotopy equivalent to the space of Fredholm
operators F(H). But while for a finite group G it would be wrong to define K(G) as
[BG,F(H)] it is still correct to say thatK(G) is the set of isomorphism classes of func-
torsG→ Ĉ. We can similarly define theK-theory of an orbifold given by a groupoid G
by functors of the form G → Ĉ.
Let us again consider the case of a smooth manifoldM . With this in mind we would
like to have a group model for the space F of Fredholm operators. One possible candidate
is the following.
Definition 7.1.1 [27]. For a given Hilbert space H by a polarization of H we mean a
decomposition
H = H+ ⊕H−,
where H+ is a complete infinite dimensional subspace of H and H− is its orthogonal
complement.
We define the group GLres(H) to be the subgroup of GL(H) consisting of operators







where a : H+ → H+ and d : H− → H− are Fredholm operators, and b : H− → H+
and c : H+ → H− are Hilbert-Schmidt operators.
We have the following fact.
Proposition 7.1.2. The map GLres(H) → F : A → a is a homotopy equivalence.
Therefore K(M) = [M,GLres(H)].
Consider a gerbe L with characteristic class α as a mapM → BBU(1) = BPU(H),
then we get a Hilbert projective bundleZα(M)→ M . Then we form a GLres(H)-princi-
pal bundle overM as follows.We know [9] that polarized Hilbert bundles overM are clas-
sified by its characteristic class inK1(M), for in view of the Bott periodicity theorem such
bundles are classified by mapsM → BGLres(H) = BBU = U , namely by elements in
K1(M). This produces the desired mapGb(M) = [M,BBU(1)]→ [M,U ] = K1(M).
In several applications it is easier to start detecting gerbes by means of their image under
this map (in the smooth case, the relation to gerbes and quantum field theory of the
GLres(H)-bundles can be found in [6]).
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7.2. The twisted theory.. In this section we are going to “twist” vector bundles via ger-
bes. So for the, R ⇒ U groupoid associated to the orbifold X and L a gerbe over
R:
Definition 7.2.1. An n-dimensional L-twisted bundle over R ⇒ U is a groupoid exten-
sion of it, R× Cn ⇒ U × Cn and a function ρ : R→ GLn(C) such that
i∗ρ = ρ−1 & (π∗1 ρ) ◦ (π∗2 ρ) ◦ ((im)∗ρ) = θL · IdGLn(C),
where θL : R×R→ U(1) is the trivialization of the triple intersection (π∗1 L · π∗2 L ·
(im)∗L)
θL∼= 1, IdGLn(C) is the identity of GLn(C) and the functions s̃, t̃ , ẽ, ĩ, m̃ are
defined in the same way as for bundles.
We have the following equivalent definition.
Proposition 7.2.2. To have an n-dimensional L-twisted bundle over R ⇒ U is the same
thing as to have a vector bundle E→ U together with a given isomorphism
L⊗ t∗E ∼= s∗E.
Notice that we then have a canonical isomorphism,
m∗L⊗ π∗2 t∗E ∼= π∗1 L⊗ π∗2 L⊗ π∗2 t∗E ∼= π∗1 L⊗ π∗2 (L⊗ t∗E) ∼= π∗1 L⊗ π∗2 s∗E.
We can define the corresponding Whitney sum of L-twisted bundles, so for and an
n-dimensional L-twisted bundle with function ρ1 : R→ GLn(C) and for an m-dimen-
sional one with ρ2 : R→ GLm(C), we can define a groupoid extension R× Cn+m ⇒







Definition 7.2.3. The Grothendieck group generated by the isomorphism classes of L
twisted bundles over the orbifold X together with the addition operation just defined is
called the L twisted K-theory of X and is denoted by LKgpd(X).
Moerdijk and Pronk [24] proved that the isomorphism classes of orbifolds are in 1-1
correspondence with the classes of étale, proper groupoids up to Morita equivalence.
The following is a direct consequence of the definitions.
Lemma 7.2.4. The construction of LKgpd(X) is independent of the groupoid that is
associated to X.
Similarly as we did with bundles over groupoids in Lemma 5.1.4, we can determine
when two L-twisted bundles are isomorphic.
Proposition 7.2.5. An isomorphism of L-twisted bundles over R ⇒ U (with maps ρi :
R→ GLn(C) for i = 1, 2) is determined by a map δ : R→ GLn(C) such that
R× Cn −→ R× Cn,
(r, ξ) → (r, δ(r)ξ),
U × Cn ψ−→ U × Cn,
(u, ξ) → (u, δ(e(u))ξ),
satisfying δ(i(r))ρ1(r) = ρ2(r)δ(r) and δ(r) = δ(es(r)).
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Proof. The proof is the same as in Lemma 5.1.4. For (r, r ′) ∈ R t×s R we get:
θLidGLn(C) = ρ1(im(r, r ′))ρ1(r ′)ρ1(r)
=
(
δ(m(r, r ′))−1ρ2(im(r, r ′))δ(im(r, r ′))
)
(
















Using the group structure of Gb(R ⇒ U) we can define a product between bundles
twisted by different gerbes, so for L1 and L2 gerbes over X,
L1Kgpd(X)⊗ L2Kgpd(X)→ L1⊗L2Kgpd(X),
(R× Cn, ρ1)⊗ (R× Cm, ρ2) → (R× Cmn, ρ1 ⊗ ρ2)),
which is well defined because
(im)∗(ρ1 ⊗ ρ2) ◦ π∗2 (ρ1 ⊗ ρ2) ◦ π∗1 (ρ1 ⊗ ρ2)
= ((im)∗(L1 ⊗ L2) · π∗2 (L1 ⊗ L2) · π∗1 (L1 ⊗ L2
) · IdGLmn(C)
= θL1⊗L2IdGLnm(C)
= θL1IdGLn(C) ⊗ θL2IdGLm(C)
= (((im)∗L1 · π∗2 L1 · π∗1 L1) · IdGLn(C)
)⊗ (((im)∗L2 · π∗2 L2 · π∗1 L2) · IdGLm(C)
)
= (((im)∗ρ1) ◦ (π∗2 ρ1) ◦ (π∗1 ρ1)
)⊗ (((im)∗ρ2) ◦ (π∗2 ρ2) ◦ (π∗1 ρ2)
)
,





This has a ring structure due to the following proposition.
Proposition 7.2.6. The twisted groups LKgpd(G) satisfy the following properties:
1. If 〈L〉 = 0 then LKgpd(G) = Kgpd(G), in particular if G represent the orbifold X
then LKgpd(G) = Korb(X).
2. LKgpd(G) is a module over Kgpd(G).
3. If L1 and L2 are two gerbes over G then there is a homomorphism
L2Kgpd(G)⊗ L2Kgpd(G) −→ L1⊗L2Kgpd(G).
4. If ψ : G1 −→ G2 is a groupoid homomorphism then there is an induced homomor-
phism
LKgpd(G2) −→ ψ∗LKgpd(G1).
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Example 7.2.7. In the case when Y is the orbifold universal cover of X with orbifold
fundamental group πorb1 (X) = H , we can take a discrete torsion α ∈ H 2(H,U(1)) and
define the twistedK-theory ofX as in Definition 2.3.3. Let’s associate toX the groupoid
constructed in example 5.1.8; we want to construct a gerbe L over RY × H ⇒ UY so
that the twisted LKgpd(X) is the same as the twisted αKARorb (X) of section 2.3 (we added
the upperscipts AR to denote that is the twisted K theory defined by A. Adem and
Y. Ruan [1]).
The discrete torsion α defines a central extension of H
1 −→ U(1) −→ H̃ −→ H −→ 1
and doing the cartesian product with RY we get a line bundle
U(1) −→ Lα = RY × H̃
↓
RY ×H
which, by Lemma 6.1.4 and the fact that the line bundle structure comes from the lift-
ing of H , becomes a gerbe over RY × H ⇒ UY . Clearly this gerbe only depends
on the one defined in Lemma 6.1.4 for the group H . For E → X an α-twisted bun-
dle over Y , an element of αKARorb (X), comes with an action of H̃ in E such that it
lifts the one of H in Y ; choosing specific lifts h̃, g̃ ∈ H̃ for every h, g ∈ H , and
e ∈ E, we have g̃(h̃(e)) = α(g, h)g̃h(e). As E is a bundle over Y , it defined by a map
ρ : RY → GLn(C), and for h ∈ H , it defines an isomorphism RY × Cn h→ RY × Cn,
with ηh : RY → GLn(C) such that (r, ξ) h→ (hr, ηh(r)ξ). The Lα-twisted bundle over
RY ×H ⇒ UY that E determines, is given by the groupoid RY ×H ×Cn ⇒ UY ×Cn
and the map
δ : RY ×H → GLn(C),
(r, h) → ρ(hr)ηh(r).
Because h is an isomorphism of groupoids RY × Cn → RY × Cn, it commutes with
the source and target maps, and this in turn implies that for h ∈ H and r ∈ RY we
have ηh(r) = ηh(eY (sY (r))) and ηh(r)ρ(r) = ρ(hr)ηh(r). In order to prove that this
bundle is Lα-twisted it is enough to check that the multiplication satisfies the specified
conditions.




































where the r’s, v’s andw’s belong to RY , the x’s, y’s and z’s belong to UY and h, j ∈ H .
We have that mY (r, v) = w and
m((r, h), (v′, j)) = (m(r, v), jh) = (w, jh).
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Also
δ(v′, j)δ(r, h) = ρ(jv′)ηj (v′)ρ(hr)ηh(r)






= α(j, h)δ(w, jh).
The fact that ηj (v′)ηh(r) = α(j, h)ηjh(w) is precisely the fact thatE is an α-twisted
bundle. This proves that (RY ×H × Cn ⇒ UY × Cn, δ) is endowed with the structure
of a Lα-twisted bundle over RY ×H ⇒ UY .
Conversely, if we have the Lα-twisted bundle, it is clear how to obtain the maps ρ and
ηh. From the previous construction we can see that when h = idH , the map δ determines
ρ (i.e. δ(r, idH ) = ρ(r)); hence ηh(r) = δ(r, h)ρ(hr)−1. Thus we can conclude,
Theorem 7.2.8. In the above example LαKgpd(X) ∼= αKARorb (X).
From 3.1.1, 2.4 and 6.2.2 we have
Proposition 7.2.9. If M is a smooth manifold and the characteristic class of the gerbe
L is the torsion element [H ] in H 3(M,Z) then
LKgpd(M) ∼= K[H ](M).
It remains to verify that the twisting LKgpd(M) coincides with the twisting Kα(M)
defined by 2.4.2.
Proposition 7.2.10. Whenever α = 〈L〉 is a torsion class and M is a smooth manifold
then LKgpd(M) = Kα(M).
Proof. We will use the following facts.
Theorem 7.2.11 Serre [11]. LetM be a CW-complex. If a class α ∈ H 3(M,Z) is a tor-
sion element then there exists a principal bundle Z → M with structure group PU(n)
so that when seen as an element β ∈ [M,BPU(n)]→ [M,BPU] = [M,BBU(1)] =
[M,BK(Z, 2)] = [M,K(Z, 3)] = H 3(M,Z), then α = β. In other words, the image
of [M,BPU(n)] → H 3(M,Z) is exactly the subgroup of torsion elements that are
killed by multiplication by n.
Theorem 7.2.12 Segal [32]. Let H be a G-Hilbert space in which every irreducible
representation of G appears infinitely many times. Then the equivariant index map
indG : [Z,F]G −→ KG(Z),
is an isomorphism (where F is the space of G-Fredholm operators over H and G acts
on F by conjugation).
480 E. Lupercio, B. Uribe
Lemma 7.2.13. Let X = Z/G be an orbifold where the Lie group G acts on Z. Let
α ∈ H 2(G,U(1)) define a group extension 1→ U(1)→ G̃→ G→ 1. Consider the









(∗) ∼= R(G̃)→ R(U(1)). Let  : U(1)→ U(n) be the
diagonal embedding representation. Then
αKARorb (X) = ψ−1().
Proof. The orbifold X is represented by the groupoid G = (Z × G ⇒ Z), while the
gerbe Lα is represented by the central extension of groupoids (Proposition 6.1.2)
1→ U(1)→ G̃ → G → 1
where G̃ = (Z × G̃ ⇒ Z). Therefore, using the fact that Kgpd(U(1)) = R(U(1)) we
get the surjective map
Kgpd(G̃)→ R(U(1)),
using 7.2.1 and observing that Kgpd(G̃) = KG̃(Z) we get the result. 
Let us consider in the previous lemma the situation where X = M is smooth, Z is
Serre’s principal PU(n)-bundle associated to α = 〈L〉,G = PU(n) and β is the class in
H 2(PU(n),U(1)) labeling the extension
1→ U(1)→ U(n)→ PU(n)→ 1.
Then using Theorem 7.2.8 and 7.2.12 we get that
LKgpd(Z/G) = βKARorb (Z/G) = ψ−1() ⊆ KU(n)(Z) = [Z,F]U(n).
Notice that by 2.4.2 Kα(M) is defined as the homotopy classes of sections of the
bundle Fα = Z×PU(n)F . This space of sections can readily be identified with the space
[Z,Fα]PU(n) and the proposition follows from this. 
We should point out here that the theory so far described is essentially empty whenever
the characteristic class 〈L〉 is a non-torsion element inH 3(M,Z). The following is true.
Proposition 7.2.14. If there is an n-dimensional L-twisted bundle over the groupoid G
then 〈L〉n = 1.
Proof. Consider the equations,
i∗ρ = ρ−1 & (π∗1 ρ) ◦ (π∗2 ρ) ◦ ((im)∗ρ) = θL · IdGLn(C)
and take determinants in both equations, we get
i∗ det ρ = det ρ−1 & (π∗1 det ρ) ◦ (π∗2 det ρ) ◦ ((im)∗ det ρ) = det θL · IdGLn(C).
Defining f = det ρ we have
i∗f = f−1 & (π∗1 f ) ◦ (π∗2 f ) ◦ ((im)∗f ) = θnL.
This means that the coboundary of f is θn. This concludes the proof. 
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Another way to think of this is by noticing that if we restrict the central extension
1→ U(1)→ U(n)→ PU(n)→ 1
to the subgroup SU(n) we get the n-fold covering map
1→ Zn→ SU(n)→ PU(n)→ 1,
where the kernel Zn is the group of n-roots of unity.
In any case we need to consider a more general definition when the class 〈L〉 is a
non-torsion class.
An obvious generalization of 2.4.2 would be to consider the class of the gerbe α =
〈L〉 ∈ H 3(BG,Z) and consider Kα(BG) in the sense of 2.4.2. This works well for a
manifold, but unfortunately for a finite group and the trivial gerbe α = 1 we have that
Kα(BG) = R(G)̂ and not R(G) as we should have (this is exactly the problem we
encountered in the last section with [BG,F(H)]).
Fortunately one of the several equivalent definitions of [4] can be carefully general-
ized to serve our purposes. To motivate this definition consider the following situation.
Suppose first that the class α = 〈L〉 ∈ H 3(BG,Z) is a torsion class. Take any
α-twisted vector bundle ρ so that
i∗ρ = ρ−1 & (π∗1 ρ) ◦ (π∗2 ρ) ◦ ((im)∗ρ) = θL · IdU(n)
and let β : G → PU(n) be the projectivization of ρ : G → U(n). Then β is a bonafide
groupoid homomorphism, in other words
i∗β = β−1 & (π∗1β) ◦ (π∗2β) ◦ ((im)∗β) = IdPU(n)
as equations in PU(n). Then α as a map BG → BPU(H) is simply obtained as the
realization of the composition of β : G → PU(n) with the natural inclusion PU(n) ↪→
PU(H). Fix now and for all time a ρ0 and a β0 constructed in this way.
Define the semidirect product U(n)×̃PU(n) as the group whose elements are the
pairs (S, T ), where S ∈ U(n) and T ∈ PU(n) with multiplication
(S1, T1) · (S2, T2) = (S1T1S2T −11 , T1T2).
Consider the family of groupoid homomorphisms f : G → U(n)×̃PU(n) that make










where q1 is the projection onto U(n) and q2 the projection onto PU(n).
Given a homomorphism f : G → U(n)×̃PU(n) like above we can then write ρ =
(q1 ◦ f ) · ρ0 and verify that ρ satisfies the conditions to define a twisted vector bundle
over G. Conversely given a twisted vector bundle ρ we can define a homomorphism f
by means of the formula
f (g) = (ρ(g)ρ0(g)−1, β0(g)).
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Therefore in the case of a torsion class α a homomorphism f : G → U(n)×̃PU(n) so
that q1f = β0 is another way of encoding a twisted vector bundle.
In the case of a non-torsion class α we need to consider infinite dimensional vector
spaces. So we let K be the space of compact operators of a Hilbert space H. Let us
write UK to denote the subgroup of U(H) consisting of unitary operators of the form
I + K, where I is the identity operator and K is in K. If h ∈ PU(H) and g ∈ UK
then hgh−1 ∈ UK and therefore we can define UK×̃PU(H). We can define now the
K-theory for an orbifold X given by G twisted by a gerbe L with non-torsion class
α : G → PU(H) (cf. 6.2.5).
Definition 7.2.15. The set of isomorphism classes of groupoid homomorphisms f : G →











is LKgpd(G) the groupoid K-theory of G twisted by L.
This definition works for a gerbe whose class is non-torsion and has the obvious
naturality conditions. In particular it becomes 2.4.2 if the groupoid represents a smooth
manifold. The discussion immediately before the definition shows that this definition
generalizes the one given before for LKgpdG when 〈L〉 was torsion. Then Proposition
7.2.6 remains valid in the non-torsion context.
In view of Theorem 6.3.2 and Theorem 7.2.8 we can reformulate Theorem 2.3.2 as
follows.
Theorem 7.2.16. Let X be a Leray groupoid representing an orbifoldX/ with finite,
L a gerbe over X coming from discrete torsion, and let  be the holonomy inner local
system defined in 6.3.2. Then
LKgpd(X)⊗ C ∼= H ∗orb,(X;C).
It is natural to conjecture that the previous theorem remains true even if the gerbe L
is arbitrary and X is any proper étale groupoid. We will revisit this issue elsewhere.
The following astonishing result of Freed, Hopkins and Teleman can be written in
terms of the twisting described in this section. For more on this see [18].
Example 7.2.17 [12]. Let G be connected, simply connected and simple. Consider the
groupoid G = (G × G ⇒ G), where G is acting on G by conjugation. Let h be
the dual Coxeter number of G. Let L be the gerbe over G with characteristic class
dim(G)+ k + h ∈ H 3G(G). Then
LKgpd(G) ∼= Vk(G),
where Vk(G) is the Verlinde algebra at level k of G.
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7.3. Murray’s bundle gerbes. The theory described in the previous sections is interest-
ing even in the case in which the orbifold X is actually a smooth manifold M = X. In
this case M. Murray et. al. [26, 4] have recently proposed a way to interpret the twisted
K-theory LK(M) in terms of bundle gerbes. Bundle gerbes are geometric objects con-
structed on M that give a concrete model for a gerbe over M [25]. The purpose of this
section is to explain how the theory of bundle gerbes can be understood in terms of
groupoids.
Definition 7.3.1. A bundle gerbe overM is a pair (L, Y ), where Y
π−→ M is a surjective
submersion and L
p−→ Y π×π Y = Y [2] is a line bundle satisfying
• L(y,y) ∼= C
• L(y1,y2) ∼= L∗(y2,y1)• L(y1,y2) ⊗ L(y2,y3) ∼= L(y1,y3).
We start the translation to the groupoid language with the following definition.
Definition 7.3.2. Given a manifoldM and a surjective submersion Y
π−→ M we define
the groupoid G(Y,M) = (R ⇒ U) by
• R = Y [2] = Y π×π Y
• U = Y
• s = p1 : Y [2] → Y , s(y1, y2) = y1 and t = p2 : Y [2] → Y , t (y1, y2) = y2
• m((y1, y2), (y2, y3)) = (y1, y3).
From Definition 6.1.1 we immediately obtain the following.
Proposition 7.3.3. A bundle gerbe (L,Y) overM is the same as a gerbe over the groupoid
G(Y,M).
We will write L(L, Y ) to denote the gerbe over G(Y,M) associated to the bundle
gerbe (L, Y ). Notice that the groupoid G(Y,M) is not necessarily étale, but it is Morita
equivalent to an étale groupoid. Let M(M,Uα) be the étale groupoid associated to a
cover {Uα} of M as in 4.1.2.
Proposition 7.3.4. The groupoid G(Y,M) is Morita equivalent to M(M,Uα) for any
open cover {Uα} of M .
Proof. Since all groupoids M(M,Uα) are Morita equivalent (for any two open covers
have a common refinement) it is enough to consider the groupoid M(M,M) = (M ⇒
M) coming from the cover consisting of one open set. The source and target maps of
M(M,M) are both identity maps. Then the proposition follows from the fact that the








Y × Y π×π  M ×M

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Corollary 7.3.5. The group of bundle gerbes over M is isomorphic to the group
Gb(M(M,Uα)) for the Leray groupoid M(M,Uα) representingM . In particular there
is a bundle gerbe in every Morita equivalence class of gerbes over M .
Murray [26] defines a characteristic class for a bundle gerbe (L, Y ) overM as follows.
Definition 7.3.6. The Dixmier-Douady class of d(P ) = d(P, Y ) ∈ H 3(M,Z) is de-
fined as follows. Choose a Leray open cover {Uα} ofM . Choose sections sα : Uα → Y ,
inducing (sα, sβ) : Uα∩Uβ → Y [2]. Choose sections σαβ of (sα, sβ)−1(P ) overUα∩Uβ .
Define gαβγ : Uα ∩ Uβ ∩ Uγ → C× by
σαβσβγ = σαγ gαβγ .
Then d(L) = [gαβγ ] ∈ H 2(M,C×) ∼= H 3(M,Z).
Then in view of Propositions 6.2.2 and 6.2.3 we have the following.
Proposition 7.3.7. The Dixmier-Douady class d(L, Y ) is equal to the characteristic
class 〈L(L, Y )〉 defined above 6.2.2. Moreover the assignment (L, Y ) → gαβγ realizes
the isomorphism of 7.3.5.
Definition 7.3.8 [26]. A bundle gerbe (L, Y ) is said to be trivial whenever d(L, Y ) = 0.
Two bundle gerbes (P, Y ) and (Q,Z) are called stably isomorphic if there are trivial
bundle gerbes T1 and T2 such that
P ⊗ T1  Q⊗ T2.
The following is an easy consequence of 6.2.2, 6.2.3 and 7.3.7.
Lemma 7.3.9. The Dixmier-Douady class is a homomorphism from the group of bundle
gerbes over M with the operation of tensor product, and H 3(M,Z)
Corollary 7.3.10. Two bundle gerbes (P, Y ) and (Q,Z) are stably isomorphic if and
only if d(P ) = d(Q)
Proof. Suppose that (P, Y ) and (Q,Z) are stably isomorphic. Then P ⊗T1  Q⊗T2;
hence d(P ⊗ T1) = d(Q ⊗ T2). Therefore from the previous lemma we have d(P ) +
d(T1) = d(Q)+ d(T2) and by definition of trivial we get d(P ) = d(Q).
Conversely if d(P ) = d(Q) then d(P⊗Q∗) = 0 and then by definition T2 = P⊗Q∗
is trivial. Define the trivial bundle gerbeT1 = Q∗⊗Q. ThenP⊗T1  Q⊗T2 completing
the proof. 
Given a bundle gerbe (L, Y ) over M we will write G̃(L, Y,M) to denote the U(1)
central groupoid extension of G(Y,M) defined by the associated gerbe, where
1→ U(1)→ G̃(L, Y,M)→ G(Y,M)→ 1.
As we have explained before such extensions are classified by their class in the coho-
mology group H 3(BG(Y,M),Z) = H 3(M,Z). As a consequence of this and 7.3.5 we
have.
Gerbes over Orbifolds and Twisted K-Theory 485
Theorem 7.3.11. Two bundle gerbes (P, Y ) and (Q,Z) are stably isomorphic if and
only if G̃(P, Y,M) is Morita equivalent to G̃(Q,Z,M). Therefore there is a one-to-one
correspondence between stably isomorphism classes of bundle gerbes over M and clas-
ses in H 3(M,Z). The category of bundle gerbes over M with stable isomorphisms is
equivalent to the category of gerbes over M with Morita equivalences.
Definition 7.3.12. Let (L, Y ) be a bundle gerbe overM . We call (E,L, Y,M) a bundle
gerbe module if
• E→ Y is a hermitian vector bundle over Y .
• We are given an isomorphism φ : L⊗ π−11 E
∼−→ π−12 E.• The compositionsL(y1,y2)⊗(L(y2,y3)⊗Ey3)→ L(y1,y2)⊗Ey2 → Ey1 and (L(y1,y2)⊗
L(y2,y3))⊗ Ey3 → L(y1,y3) ⊗ Ey3 → Ey1 coincide.
In this case we also say that the bundle gerbe (L, Y ) acts on E. The bundle gerbe K-
theory Kbg(M,L) is defined as the Grothendieck group associated to the semigroup of
bundle gerbe modules (E,L, Y,M) for (L, Y,M) fixed.
As a consequence of 7.3.11 and 7.2.2 we have the following fact.
Theorem 7.3.13. The category of bundle gerbe modules over (L, Y ) is equivalent to the
category of L(L, Y )-twisted vector bundles over G(Y,M). Moreover we have
LKgpd(G(Y,M)) ∼= Kbg(M,L).
Corollary 7.3.14. If the gerbe L has a torsion class [H ] then
K[H ](M) = Kbg(M,L).
8. Appendix: Stacks, Gerbes and Groupoids
We mentioned at the beginning of Sect. 4 that a stack X is a space whose points can
carry a “group valued” multiplicity, and that they are studied by studying the family
{Hom(S,X )}S , where S runs through all possible spaces (or schemes). In fact by Yone-
da’s Lemma, as is well known, even when X is an ordinary space that knowing everything
for the functor Hom(,X ) is the same thing as knowing everything about X . A stack
is a category fibered by groupoids, where CS = Hom(S,X ) with an additional sheaf
condition.
A very unfortunate confusion of terminologies occurs here. The word groupoid has
two very standard meanings. One has been used along all the previous sections of this
paper. But now we need the second meaning, namely a groupoid is a category where all
morphisms have inverses. In this Appendix we use the word groupoid with both mean-
ings and we hope that the context is enough to avoid confusion. Both concepts are, of
course, very related.
8.1. Categories fibered by groupoids. Let C,S be a pair of categories and p : S → C
a functor. For each U ∈ Ob(C) we denote SU = p−1(U).
Definition 8.1.1. The category S is fibered by groupoids over C if
• For all φ : U → V in C and y ∈ Ob(SV ) there is a morphism f : x → y in S with
p(f ) = φ
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• For all ψ : V → W , φ : U → W , χ : U → V , f : x → y and g : y → z with
φ = ψ ◦χ , p(f ) = φ and p(g) = ψ there is a unique h : x → z such that f = g ◦h































From the previous conditions we see that for φ : U → V and y ∈ Ob(SV ) there exist
a unique morphism f : x → y such that p(f ) = φ. Therefore x is defined uniquely
from this information and then it will be called φ∗y. Hence φ∗ will be a well defined
functor from SV to SU .
8.2. Sheaves of categories.
Definition 8.2.1. A Grothendieck Topology (G.T.) over a category C is a prescription
of coverings {Uα → U}α such that:
• {Uα → U}α & {Uαβ → Uα}β implies {Uαβ → U}αβ
• {Uα → U}α & V → U implies {Uα ×U V → V }α
• V ∼=−→ U isomorphism, implies {V −→ U}.
A category with a Grothendieck Topology is called a Site.
This definition is easier to understand through an example.
Example 8.2.2. Let C be T op, and {Uα → U}α will be a cover if the Uα’s are homeo-
morphic to its image and U = ⋃α im(Uα). The prescription is deciding whether a
collection of subsets form a cover or not.
Definition 8.2.3. A Sheaf F over a site C is a functor p:F → C such that
• For all S ∈ Ob(C), x ∈ Ob(FS) and f : T → S ∈ Mor(C) there exists a unique
φ : y → x ∈ Mor(F) such that p(φ) = f






Definition 8.2.4. A Stack in groupoids over C is a functor p : S → C such that
• S is fibered in groupoids over C
• For any U ∈ Ob(C) and x, y ∈ Ob(SU), the functor
U→ Sets
φ : V → U → Hom(φ∗x, φ∗y)
is a sheaf (Ob(U) = {(S, χ)|S ∈ Ob(C), χ ∈ Hom(S,U)})
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• If φi : Vi → U is a covering family in C, any descent datum relative to the φi’s, for
objects in S, is effective.
Example 8.2.5. For X a G-set (provided with a G action over it) let C = T op, the
category of topological spaces, and S = [X/G] the category defined as follows:
Ob([X/G])S = {f : ES → X},









S ×X   S ×X
With the functor
p : [X/G]→ T op,
(f : ES → X) → S.
By definition [X/G] is a category fibered by groupoids, and if the group G is finite
[X/G] is a stack.
8.3. Gerbes as stacks. For simplicity we will start with a smooth X and we will con-
sider a Grothendieck topology on X induced by the ordinary topology on X as in 8.2.2.
We will follow Brylinski [5] very closely. The following definition is essentially due to
Giraud [13].
Definition 8.3.1. A gerbe over X is a sheaf of categories C on X so that
• The category CU is a groupoid for every open U .
• Any two objectsQ andQ′ of CU are locally isomorphic, namely for every x ∈ X there
is a neighborhood of x where they are isomorphic.
• Every point x ∈ X has a neighborhood U so that CU is non-empty.
We will require our gerbes to have as band the sheaf A = C∗ overX. This means that
for every open U ⊂ X and for every objectQ ∈ CU there is an isomorphism of sheaves
α : Aut(Q)→ AU , compatible with restrictions and commuting with morphisms of C.
Here Aut(Q)|V is the group of automorphisms of P |V .
The relation of this definition to the one we have used is given by the following
Proposition 8.3.2. To have a gerbe in terms of data (Lαβ) as in 3.1 is the same thing as
to have a gerbe with band C∗ as a sheaf of categories.
Proof. Starting with the data in 3.1 we will construct the category CU for a small open
set U . Since U is small we can trivialize the gerbe L|U . The objects of CU are the set of
all possible trivializations (fαβ) with the obvious morphisms.
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Conversely suppose that you are given a gerbe as a sheaf of categories. Then we
construct a cocycle cαβγ as in [5, Prop. 5.2.8]. We take an objectQ ∈ CUα and an auto-
morphism uαβ : Qα|Uαβ → Qβ |Uαβ and define hαβγ = u−1αγ uαβuβγ ∈ Aut(Pγ ) = C∗
producing a Čech cocycle giving us the necessary data to construct a gerbe as in 3.1.

8.4. Orbifolds as stacks. Now we can define the stack associated to an orbifold. Let X
be an orbifold with {(Vp,Gp, πp)}p∈X as orbifold structure. Let C be the category of
all open subsets of X with the inclusions as morphisms and for U ⊂ X, let SU be the
category of all uniformizing systems of U such that they are equivalent for every q ∈ U
to the orbifold structure, in other words
SU =
{
(W,H, τ)|∀q ∈ U, (Vq,Gq, πq)&(W,H, τ) are equivalent at q
}
.
By Lemma 2.1.3 and the definition of orbifold structure it is clear that the category
S is fibered by groupoids. It is known, and this requires more work, that this system
S → C is also a stack, a Deligne-Mumford stack in the smooth case.
8.5. Stacks as groupoids. The following theorem has not been used in this paper, but it
is the underlying motivation for the approach that we have followed.
Theorem 8.5.1 [3]. Every Deligne-Mumford stack comes from an étale groupoid scheme.
Moreover, there is a functor R ⇒ U → [R ⇒ U] from the category of groupoids to the
category of stacks inducing this realization.
When s, t are smooth we can realize in a similar manner Artin stacks [3].
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6. Carey, A.L., Mickelsson, J.: The universal gerbe Dixmier-Douady class and gauge theory. Lett.
Math. Phys. 59(1), 47–60 (2002) MR 2003e:58048
7. Chen, W.: A Homotopy Theory of Orbispaces. (2001) arXivmath.AT/0102020
8. Chen, W., Ruan, Y.: Orbifold Quantum Cohomology. (2000) arXiv:math.AG/0005198
9. Cohen, R.L., Jones, J.D.S., Segal, G.B.: Floer’s infinite-dimensional Morse theory and homotopy-
theory. In: The Floer Memorial Volume, Basel: Birkhäuser, 1995, pp. 297–325
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13. Giraud, J.: Cohomologie non Abéliene. Berlin-Heidelberg-New York: Springer-Verlag, 1971
14. Grothendieck, A.: Dix exposés sur la cohomologie des schémas. Amsterdam: North Holland, 1968
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